The authors show that the ordered three-dimensional arrays of quantum dots, i.e., quantum dot supracrystals, can be used to implement the intermediate-band solar cell with the efficiency exceeding the Shockley-Queisser limit for a single junction cell. The strong electron wave function overlap resulting in minibands formation allows one to tune the band structure and enhance the light absorption and carrier transport. A first-principles semianalytical approach was used to determine the optimum dimensions of the quantum dots and the interdot spacing to achieve a maximum efficiency in the InAs 0.9 N 0.1 / GaAs 0.98 Sb 0.02 quantum dot supracrystal photovoltaic cells. The energy conversion efficiency is a key parameter in the photovoltaic ͑PV͒ solar cell technology. It is defined as
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where FF is the fill factor, V oc is the open circuit voltage, J sc is the short-circuit current density, and P in is the incident power per unit area. The performance of the conventional bulk semiconductor cells is limited to about 33%. 1 The theoretical thermodynamic limit on the conversion of sunlight to electricity is much higher, about 93%. 2 Thus, there is a very strong motivation for finding new approaches, which would allow one to increase the solar cell efficiency.
Luque and Marti 3 have theoretically shown that introduction of the intermediate energy level between the valence band ͑VB͒ and conduction band ͑CB͒ of a regular semiconductor can increase the efficiency up to ϳ63%. Unlike VB and CB, the third energy level-intermediate band ͑IB͒-is not directly electrically contacted, although the radiative transitions between IB and two other bands are allowed.
3,4 IB helps to harvest photons with an energy less than the band gap of host material via a two-step process, which allows one to improve the short-circuit current without degrading the open-circuit voltage. [3] [4] [5] [6] [7] [8] Practically, IB can be created through the introduction of an impurity band in regular bulk semiconductors, e.g., similar to the earlier proposal by Wolf, 9 or formation of a miniband in a superlattice-type structure. 4 The difficulty of the IB approach is how to practically obtain the required exact energy spacing among all three bands. 3, 5, 10 The original proposal of the PV efficiency enhancement via IB and the work that followed assumed that all optimum bands and energy separations are given. 3, 5, 10 No semiconductor superlattice structure with exactly defined parameters, which would allow one to implement the IB approach, has so far been specified.
In this letter, we show that a quantum dot superlattice ͑QDS͒ with three-dimensionally ͑3D͒ ordered quantum dots can provide the electron and hole energy dispersion, which are suitable for implementing the IB solar cell, and find the exact parameters of QDS required to operate in the IB regime. We consider 3D-ordered QDS with the closely spaced quantum dots and high quality interfaces, which allow for the strong wave function overlap and the formation of minibands. 11 In such structures, the quantum dots play a role similar to that of atoms in real crystals. To distinguish such nanostructures from the disordered multiple arrays of quantum dots, we refer to them as quantum dot supracrystals. There have already been a number of reports of 3D-ordered QDS ͑Refs. 12-15͒ as well as in-plane two-dimensionally ordered ͑Refs. 16 and 17͒ and vertically one-dimensionally ordered ͑Ref. 18͒ QDSs. One should expect that further progress in epitaxial growth and self-assembly will deliver more ordered QDS with closely spaced quantum dots. Previous studies confirm the formation of minibands in QDS ͑Ref. 19͒ similar to those in quantum well superlattices ͑QWS͒.
A schematic of the considered supracrystal structure with the periodically arranged quantum dots is shown in Fig. 1 . QDS is sandwiched between p and n type layers. IB has to be half-filled with electrons which could be achieved by modulation doping at the barrier region. 6 By engineering the QDS parameters such as quantum dot size, shape, interdot separation, and dot arrangement, one can optimize IB position and width to achieve the maximum efficiency. The first step for demonstrating a possibility of forming optimum a͒ Author to whom correspondence should be addressed. IB is to calculate the electron dispersion in such structure by solving the Schrödinger equation. It has been accomplished following the Lazarenkova and Balandin 11 semianalytical approach, which gives the solution for 3D-ordered QDS through the Kronig-Penny-type expression. The accuracy of this semianalytical solution has been later verified by the finite-element simulations. 19, 20 We performed 3D analysis on an example of QDS made of InAs 0.9 N 0.1 / GaAs 0.98 Sb 0.02 material system. The valence band offsets are negligible in this system and the conduction band offset is equal to E barrier Ϸ 1.29 eV. 21 The values for the electron effective masses, m InAsN * = 0.0354m 0 and m GaAsSb * = 0.066m 0 ͑m 0 is the electron rest mass͒, and other band parameters have been taken from Ref. 22 . Figure 2͑a͒ shows the calculated electron energy dispersion E͑q͒ in the simple cubic ͑SC͒ QDS with the quantum dot size W = 4.5 nm and the interdot distance H = 2 nm. The minibands are labeled by the quantum numbers n x , n y , and n z , which define the total energy of an electron as the sum of its component along three axes. 11 The dispersion is shown for the electron wave vector q along ͓͓100͔͔ quasicrystallographic direction in the coordinate system formed by the quantum dots in the supracrystal ͑we retained the notations proposed by Lazarenkova and Balandin 11, 19 ͒. The ͓͓100͔͔ direction is the most important one since it defines the charge carrier transport in the vertical direction ͑see Fig. 1͒ to n and p type layers.
One can see from Fig. 2͑a͒ that the bandwidth of the minibands are 0.03 eV for the band 111 and 0.2 eV for the overlapping minibands 211 and 112. The higher-index minibands whose energies are higher than E barrier are mutually overlapping or very close to each other. For these reasons, we consider the higher-energy minibands as a quasicontinuum CB. In Fig. 2͑b͒ , we depict the real-space band diagram for our prototype structure with the calculated energies and miniband widths. Here, the miniband 111 acts as IB, while the overlapping minibands 211 and 112 act as the band analogous to CB from where the generated electrons are extracted as a current flow. The VB in our structure is the same as in bulk semiconductors owing to the small VB offset. The values of W and H, which led to the dispersion and band diagram shown in Figs. 2͑a͒ and 2͑b͒ are not arbitrary. They were chosen after simulating the electron energy dispersion as those which give the transition energies E 13 = 1.41 eV, E 23 = 0.58 eV, E 12 = 0.80 eV, and the IB ͑mini-band 111͒ width ⌬ 1 = 0.03 eV. These energy separations between CB and IB and between IB and VB are very close to those determined by Levy et al. 21 for the same material system. Assuming as given the optimum energy band parameters ͑E 13 = 1.48 eV, E 23 = 0.51 eV, E 12 = 0.97 eV, and ⌬ 1 =0͒, Levy et al. 21 calculated the maximum IB solar cell efficiency of ϳ60.5%. Thus, we have demonstrated that SC arrangement of quantum dots in the supracrystal is versatile enough to provide the miniband, which acts as IB and lead to the efficiency enhancement.
The theoretical limit for the PV efficiency of IB solar cell determined in Ref. 21 has been calculated for the idealized band structure with the zero IB width ͑⌬ 1 =0͒ and optimum E 23 of 0.51 eV. In our case, all band parameters are defined by the actual electron dispersion in QDS and cannot be tuned independently. For these reasons, E 23 and ⌬ 1 slightly deviate from the optimum values. In order to determine the PV efficiency of our supracrystal with IB, we follow the detailed balance theory of Shockley and Queisser. 23 The calculations are performed under the standard assumptions of the ideal solar cell specified by Luque and Marti, 3 i.e., nonradiative transitions are forbidden, the quasi-Fermi levels are constant throughout the whole cell volume, PV cell is thick enough to assure full absorption of the photons with enough energy to induce any of the transitions depicted in Fig. 2 , and Ohmic contacts are applied in such a way that only electrons ͑holes͒ can be extracted from the conduction ͑valence͒ band to form the external current.
For an ideal solar cell, the photon-generated current is proportional to the difference between the number of photons absorbed by the device and the number of photons emitted from the device. In the IB solar cell, the short-circuit current density J SC can be written as
where T s is the temperature of the Sun ͑6000 K͒, T a is the temperature of the solar cell ͑300 K͒, Ṅ is the flux of photons absorbed by or emitted from the semiconductor, and E 13 , E 23 , E 12 are specified in Fig. 2͑b͒ . In thermodynamic equilibrium, Ṅ is given by
where E l and E h are the lower and upper energy limits of the photon flux for the corresponding transitions, respectively, is the chemical potential of the transition, k B is Boltzmann constant, E is the photon energy, h is Planck constant, and c is the speed of light. The output voltage can be described as the difference of the chemical potentials between CB and VB, i.e., qV OC = CV = CI + IV ͑for the considered system, CI = 0.53 eV and IV = 0.80 eV͒. Assuming that in Eq. ͑1͒ the fill factor is unity and the incident power is P in = T s 4 ͑here is the Stefan-Boltzmann constant͒, one can calculate the efficiency upper limit for the optimum QDS parameters. Figure 3 shows the PV power conversion efficiency of the IB solar cell based on quantum dot supracrystal as a function of the dot size. The maximum efficiency obtained for QDS with W = 4.5 nm and H = 2 nm, which has the band structure parameters close to the "ideal" ones, is 51.2%. It is smaller than the value obtained in Ref. 21 but still significantly larger than the Shockley and Queisser limit of ϳ30% for bulk semiconductors. 23 The properties of IB itself deserve a special consideration. The electron density of states ͑DOS͒ in IB has to be as high as possible in order to pin the IB quasi-Fermi level at its equilibrium position. 8 We determined DOS per unit energy and per unit volume G͑E͒ as a function of the electron energy E͑q͒ from the equation
where the integration is carried over the surface of constant energy S E . DOS for IB ͑111 miniband͒ in the SC supracrystal is presented in the inset to Fig. 3 . As one can see, DOS in QDS is very different from that in conventional QWS or bulk crystals. The area under the DOS curve is 7.395 ϫ 10 18 cm −3 , which is of the same order of magnitude as DOS in VB and CB and provides sufficient IB quasi-Fermi level pinning.
In conclusion, we determined the parameters of QDS required for implementation of the IB solar cell. Solar cells based on quantum dots may carry extra benefits of increased radiation hardness 25 and improved collection efficiency. 4, 26 This work has been supported by the AFOSR under Contract No. FA9550-07-C-0059 and by the NASA under Contract No. NNC07CA20C. The authors acknowledge insightful discussions with Dr. V. Mitin, Dr. K. Reinhardt, Dr. S.G. Bailey, and Dr. S. Hubbard. 
